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We present a new supersymmetric, asymptotically flat, black hole solution to five-dimensional Uð1Þ3
supergravity which is regular on and outside an event horizon of lens space topology Lð2; 1Þ. The solution
has seven independent parameters and uplifts to a family of 1=8-supersymmetric D1-D5-P black brane
solutions to type IIB supergravity. The decoupling limit is asymptotically AdS3 × S3 × T4, with a near-
horizon geometry that is a twisted product of the near-horizon geometry of the extremal Bañados-
Teitelboim-Zanelli black hole and Lð2; 1Þ × T4, although it is not (locally) a product space in the bulk. We
show that the decoupling limit of a special case of the black lens is related to that of a black ring by spectral
flow, thereby supplying an account of its entropy. Analogous solutions of Uð1ÞN supergravity are also
presented.
DOI: 10.1103/PhysRevD.94.064007
I. INTRODUCTION
A significant achievement of string theory has been to
provide a microscopic accounting of the Bekenstein-
Hawking entropy of supersymmetric black holes [1].
The black holes are five-dimensional versions of the
extremal Reissner-Nordström solution and include rotating
generalizations [2]. The black holes have an equivalent
description in string theory as configurations of D-branes
and their degeneracy for given macroscopic charges can be
computed by exploiting supersymmetry. The decoupling
limit of the corresponding black brane solutions possesses a
(locally) AdS3 factor. This allows one to appeal to the AdS-
CFT duality to provide an alternative explanation for the
entropy from the degeneracy of near-horizon microstates in
the dual CFT [3].
The discovery of black rings revealed that the asymptotic
charges are not sufficient to specify a black hole [4].
However, the black hole microstate arguments typically
count the number of states with given charges. This did not
pose a threat to the original calculations, since in contrast to
the spherical black holes, supersymmetric black rings
[5–7] have distinct angular momenta. In fact a microscopic
accounting of the entropy of the black ring has been
provided by appealing to M theory [8], although a fully
satisfactory D-brane argument is lacking [4] (see [9] for
partial results).
An important question is whether other families of black
holes exist in this context. Recent work has revealed that the
classification of asymptotically flat five-dimensional super-
symmetric black holes is far from complete [10,11].
Furthermore, recent work in the corresponding D-brane
CFT has also revealed a rich phase structure [12,13]. In
particular, we constructed the first example of a
regular asymptotically flat black hole with lens space
topology Lð2; 1Þ ¼ S3=Z2 [11]. The purpose of this
note is to generalize and embed these solutions into string
theory in order to clarify their microscopic description.
Interestingly, we find that in a special case, the decoupling
limit of the corresponding D-brane geometry is related by
spectral flow to that of a black ring thus allowing one to
appeal to existing microscopic accountings of the entropy
[8,9]. The general case though remains open.
In Sec. II we present a black lens solution to five-
dimensional Uð1Þ3 supergravity. In Sec. III we discuss its
uplift to a D1-D5-P solution to IIB supergravity and the
decoupling limit. In the Appendix we provide a derivation
and a detailed regularity analysis of analogous black lens
solutions to Uð1ÞN supergravity.
II. MULTICHARGE BLACK LENSES
A. Supersymmetric solutions
The bosonic sector of five-dimensional N ¼ 1;
Uð1Þ3 supergravity is a metric, Maxwell fields Fi ¼ dAi
and positive scalar fields Xi, i ¼ 1, 2, 3, obeying
X1X2X3 ¼ 1. A large class of supersymmetric solutions to
this theory can be constructed as timelike fibrations over a
Gibbons-Hawking (GH) base space [7]. The GH base is
specified by a harmonic function H on R3 and the super-
symmetric solution is specified by a further seven harmonic
functions Ki; Li;M. In coordinates ðt;ψ ; r; θ;ϕÞ, where
ðr; θ;ϕÞ are spherical polar coordinates on R3, the
solution is
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ds25¼−f2ðdtþωÞ2þf−1½H−1ðdψþχÞ2þHðdr2þr2dΩ22Þ;
Ai¼1
3
H−1i ðdtþωÞþ
1
2

Ki
H
ðdψþχÞþξi

;
Xi¼H−1i ðH1H2H3Þ1=3;
f¼1
3
ðH1H2H3Þ−1=3; ω¼ωψ ðdψþχÞþωˆ;
Hi¼Liþ
1
24
H−1jϵijkjKjKk;
ωψ ¼−
K1K2K3
8H2
−
3LiKi
4H
þM; ð1Þ
where dΩ22 ¼ dθ2 þ sin2 θdϕ2, ϵijk is the alternating symbol
and χ, ξi, ωˆ are 1-forms on R3 determined by the harmonic
functions up to quadratures [7].
Within this class we have found a family of asymptoti-
cally Minkowski, black hole solutions with lens space
horizon topology. The construction is straightforward and
begins with a multicentered ansatz of the type studied for
soliton geometries [14,15]. The solution is
H ¼ 2
r
−
1
r1
; Ki ¼ k
i
r
;
Li ¼ λi þ
li
r
; M ¼ 3λik
i
4

1 −
a
r

;
χ ¼

2 cos θ −
r cos θ − a
r1

dϕ;
ωˆ ¼ − 3aλik
irsin2θ
2r1ðr1 þ rþ aÞ
dϕ; ξi ¼ −ki cos θdϕ; ð2Þ
where r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ a2 − 2ra cos θ
p
is the Euclidean distance
from a “center” in R3 with Cartesian coordinates ð0; 0; aÞ
and we assume a > 0.
The solution is asymptotically flat R1;4 provided λi ¼
1=3 and Δψ ¼ 4π. Indeed, setting r ¼ 1
4
ρ2, as ρ → ∞
ds25 ∼ −dt2 þ dρ2 þ
1
4
ρ2½ðdψ þ cos θdϕÞ2 þ dΩ22; ð3Þ
with subleading terms of order Oðρ−2Þ.
The metric and scalars are smooth at r1 ¼ 0 provided
li < −aλi ð4Þ
and Δψ ¼ 4π. Then, the spacetime as r1 → 0 smoothly
approaches R1;4. As explained in the Appendix, polar
coordinates ðX;ΦÞ and ðY;ΨÞ on the orthogonal 2-planes
in R4 are given by 4r1 ¼ X2 þ Y2, Φ ¼ 12 ðψ þ ϕÞ and
Ψ ¼ 1
2
ðψ þ 3ϕÞ. The gauge fields
Ai ¼ dt
3Hi
þ

1
2
ki þOðX2Þ

dΦ −

1
2
ki þOðY2Þ

dΨ ð5Þ
are thus smooth at r1 ¼ 0 up to a gauge transformation.
The spacetime has a regular horizon at r ¼ 0 provided
hi ≡ li þ 1
48
jϵijkjkjkk > 0; ð6Þ
β≡ 3
4
ki

li þ 2aλi þ
1
72
jϵijkjkjkk

; ð7Þ
α3 ≡ 27h1h2h3 > 1
2
β2: ð8Þ
To see this, we transform to new coordinates ðv;ψ 0; r; θ;ϕÞ
defined by
dt ¼ dvþ

A0
r2
þ A1
r

dr;
dψ þ dϕ ¼ dψ 0 þ B0
r
dr: ð9Þ
For a suitable choice of constants A0, A1, B0 the spacetime
metric and its inverse are analytic at r ¼ 0. Therefore, the
spacetime can be extended to the region r < 0. The surface
r ¼ 0 is an extremal Killing horizon with respect to the
supersymmetric Killing vector V ¼ ∂=∂v. Near the horizon
the scalars Xi ¼ α=ð3hiÞ þOðrÞ are regular and the gauge
fields are
Ai ¼

1
3hi
þOðrÞ

rdvþOðr2Þdϕþ 1
4
kidψ 0
−

β
6hi
þOðrÞ

ðdψ 0 þ 2 cos θdϕÞ
þ

1
3hi

A0 −
βB0
2

þ 1
4
B0ki þOðrÞ

dr
r
; ð10Þ
which shows the only singular terms are pure gauge. The
near-horizon geometry is locally isometric to that of the
Breckenridge-Myers-Peet-Vafa (BMPV) black hole [2,16].
However, globally the horizon geometry is a lens space
Lð2; 1Þ ¼ S3=Z2. To see this, consider the induced metric
on cross sections of the horizon
ds23 ¼
α3 − 1
2
β2
2α2
ðdψ 0 þ 2 cos θdϕÞ2 þ 2αdΩ22: ð11Þ
Above we showed that asymptotic flatness and smoothness
at the center require Δψ 0 ¼ 4π, so (11) extends to a smooth
metric on Lð2; 1Þ as claimed.
It remains to examine regularity and causality in the
domain of outer communication (DOC) r > 0. In the
Appendix we prove that (4) and (6) imply that HHi > 0
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and, remarkably, that this ensures the scalars, the Maxwell
fields, the spacetime metric and its inverse are all smooth
everywhere in the DOC. Numerical checks also show that
the spacetime is stably causal (gtt < 0) everywhere in
the DOC.
B. Geometry of domain of outer communication
Our spacetime has a DOC with nontrivial topology.
There is a noncontractible disk D on the axis θ ¼ 0,
0 < r < a which degenerates at r ¼ a and ends on the
horizon r ¼ 0, as we will now show.
The solution has Uð1Þ2-rotational symmetry. The top-
ology of the spacetime is determined by this Uð1Þ2 action
and its fixed points. The z axis of the R3 base in the
Gibbons-Hawking space corresponds to the axes where the
Uð1Þ2 Killing fields vanish. Due to our choice of harmonic
functions, the z axis splits naturally into three intervals
Iþ ¼ fz > ag, ID ¼ f0 < z < ag, I− ¼ fz < 0g. The
semi-infinite intervals I correspond to the two axes of
rotation that extend out to infinity. The finite interval ID
corresponds to a noncontractible disk topology surface D
that ends on the horizon.
To see this, consider the geometry induced on the z axis.
The 1-forms restrict to χjI ¼ dϕ , χjID ¼ 3dϕ and
ωˆ ¼ 0. Hence, on Iþ the Killing field vþ ¼ ∂ϕ − ∂ψ
vanishes, whereas ∂ψ is nonvanishing and degenerates
smoothly at z ¼ a. Next, on ID the Killing field vD ¼
∂ϕ − 3∂ψ vanishes, whereas ∂ψ is nonvanishing even at the
horizon end z → 0 and degenerates smoothly at z ¼ a.
Thus, the interval ID corresponds to a surface of disk
topology D. Lastly, on I− the Killing field v− ¼ ∂ϕ þ ∂ψ
vanishes and ∂ψ is nonvanishing. Observe that vD ¼ 2vþ −
v− and hence in the 2π-normalizedUð1Þ2 basis ðvþ; v−Þwe
may write
vþ ¼ ð1; 0Þ; vD ¼ ð2;−1Þ; v− ¼ ð0; 1Þ: ð12Þ
Thus,
detðvTDvTþÞ ¼ 1 ð13Þ
and hence the compatibility requirement for adjacent
intervals is obeyed [17]. The interval structure is summa-
rized in Fig. 1 below.
The supersymmetric Killing field V ¼ ∂=∂t may
become null in the DOC of the black hole. Indeed, this
is precisely why the black lens evades the uniqueness
theorem for the BMPV black hole [16]. This “ergosurface”
is a timelike hypersurface defined by f ¼ 0. Our regularity
analysis shows that the zeros of f coincide with those ofH.
In Cartesian coordinates on the Gibbons-Hawking space,
the equation H ¼ 0 is
x2 þ y2 þ ðz − 2aÞ

z −
2a
3

¼ 0; ð14Þ
which shows that 2
3
a ≤ z ≤ 2a and the end points occur
only on the axis. In the spacetime the ergosurface is smooth
with topology Rt × S3. We may see this as follows. The
metric induced on the axis is regular everywhere including
at z ¼ 2
3
a; 2a which correspond to Rt × S1 submanifolds.
In particular, the ergosurface is characterized by vD ¼ 0 at
z ¼ 2
3
a, vþ ¼ 0 at z ¼ 2a and the Uð1Þ2 acting freely for
2
3
a < z < 2a. Hence, (13) implies the spatial topology of
the ergosurface is S3 as claimed.
C. Physical quantities
The asymptotic electric charges and angular momenta (in
units where the 5d Newton constant G5 ¼ 1) are
Qi ¼ 3π

li þ
1
24
jϵijkjkjkk

; ð15Þ
Jϕ ¼ −
3
2
πaλiki; ð16Þ
Jψ ¼ −π

3
2
ðli þ aλiÞki þ
jϵijkj
24
kikjkk

; ð17Þ
with the mass given by the Bogomol’nyi-Prasad-
Sommerfield (BPS) condition M ¼ Q1 þQ2 þQ3.
Observe that (4) and (6) imply Qi > 0 for all i ¼ 1, 2, 3.
Inspecting the asymptotic expansions of the gauge field
components Aiψ , Aiϕ near infinity reveals that k
i generate a
magnetic dipole (the angular momenta also contribute to
this). It is natural to ask if the magnetic dipoles can be
expressed as a magnetic flux over some 2-cycle in the
spacetime, as in the case of a black ring. The natural
candidate is the magnetic flux through the disk D,
Πi½D≡ 1
2π
Z
D
Fi ¼ − 1
2
ki þ hiβ
α3
: ð18Þ
Thus this flux does not capture the dipole field alone (note
the second term is missing in [11]).
An intrinsic definition of the dipole charge may be
obtained as follows. The Killing field vD vanishes onD and
hence the magnetic potentials Φi defined by ivDF
i ¼ dΦi
are constant on D. For our solution the potentials on D,
defined to vanish at infinity, areFIG. 1. Interval structure for the black lens metric.
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qi ≡ 1
2
ΦijD ¼ −
1
2
ki ð19Þ
as required (the normalization is chosen for later conven-
ience). Indeed, these potentials appear in the first law of
black hole mechanics as extensive variables and are the
analogues of the dipole charges of a black ring [18].
To summarize, we have constructed a five-dimensional
solution which is asymptotically flat, regular on and outside
a horizon of spatial topology Lð2; 1Þ. Thus our solution is a
black lens. The solution is a seven-parameter family
specified by ða; ki;liÞ, subject to the inequalities (4),
(6), and (8). Equivalently, we may parameterize the
solution by the physical quantities ðQi; qi; Jψ ; JϕÞ subject
to the constraint
Jψ − Jϕ ¼ qi

Qi −
π
6
jϵijkjqjqk

ð20Þ
and inequalities corresponding to (4), (6), and (8). The
special case Qi ¼ Q and qi ¼ q reduces to the super-
symmetric black lens of minimal supergravity (albeit in a
simpler parameterization here) [11].
It is worth noting that our regularity constraints (4) and
(6) imply that qi > 0 (or < 0) for all i ¼ 1, 2, 3. Since the
dipoles all have the same sign we must have Jϕ ≠ 0, Jψ ≠ 0
and hence this black hole never has the same asymptotic
charges as the BMPV black hole which has Jϕ ¼ 0
(or Jψ ¼ 0).
We can express the area solely in terms of the physical
quantities:
A5 ¼ 16π2

2
Y3
i¼1

Qi
π
−
jϵijkjqjqk
4

−
1
4

Jψ þ Jϕ
π
− q1q2q3

2

1=2
: ð21Þ
In the limit Jϕ → 0 this does not reduce to the area of the
BMPV black hole, which in our conventions is
ABMPV ¼ 16π2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q1Q2Q3
π3
−
J2ψ
4π2
s
: ð22Þ
III. D1-D5-P SOLUTION
A. Structure and physical properties
The black lens solutions we have constructed can be
uplifted on T6 to yield solutions of 11-dimensional super-
gravity. Via a series of dualities one can map these to
D1-D5-P solutions of type IIB supergravity as in [6]. In
terms of the 5d data, the string frame solution is
ds210 ¼ ðX3Þ1=2ds25 þ ðX3Þ−3=2ðdzþ A3Þ2
þ X1ðX3Þ1=2dzidzi; e2Φ ¼ X
1
X2
;
Fð3Þ ¼ ðX1Þ−2⋆5F1 þ F2∧ðdzþ A3Þ; ð23Þ
where z is a coordinate on S1 and (zi: i ¼ 1, 2, 3, 4) are
coordinates on a flat T4. We will take the periods of z and zi
to be 2πRz and 2πL, respectively. Generically such
solutions describe an intersection of D1 and D5 branes
carrying momentum P in the z direction, where the D1 and
D5 wrap the (z) and ðz1234Þ directions, respectively.
Since we already checked the five-dimensional metric,
scalars and Maxwell fields are smooth on and outside an
event horizon at r ¼ 0, the only source of potential
singularities in the ten-dimensional geometry comes from
the terms involving the gauge field A3. Equation (5) shows
that there exists a gauge in which A3 is smooth at r1 ¼ 0. In
this gauge the ten-dimensional solution is manifestly
smooth at the center r1 ¼ 0.
Inspecting the near-horizon gauge fields (10) reveals that
if we define a new coordinate z0 by
dz0 ¼ dzþ 1
4
k3dψ 0
þ

1
3h3

A0 −
βB0
2

þ 1
4
B0k3

dr
r
; ð24Þ
then dzþ A3 is smooth at r ¼ 0. Therefore, the ten-
dimensional solution in the coordinates ðv;ψ 0; r;
ϕ; θ; z0; ziÞ is smooth at the surface r ¼ 0. As in five
dimensions the surface r ¼ 0 is an extremal Killing horizon
with respect to V ¼ ∂=∂v. However, the gauge which
makes A3 regular at the center r1 ¼ 0 is not the same as that
which makes it regular at r ¼ 0. In the gauge regular at
r1 ¼ 0 the change of coordinate is
z0 ¼ zþ 1
2
k3ΨþOðlog rÞ: ð25Þ
Since z parameterizes a circle of radius 2πRz, requiring the
Kaluza-Klein (KK) fibration to be globally defined places a
quantization condition. We deduce the dipole (19)
q3 ¼ nKKRz ð26Þ
is quantized where nKK ∈ Z. This is also consistent with
the solution being asymptotically R1;4 × T5 as r → ∞.
The near-horizon geometry can be deduced from the
five-dimensional one. Globally it is isometric to Lð2; 1Þ ×
T4 fibered over the near-horizon geometry of the extremal
Bañados-Teitelboim-Zanelli (BTZ) black hole. To untwist
the fibration define ψ 00 ¼ ψ 0 − z0β=ð9h1h2Þ, which gives
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ds2NH ¼
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2h1h2
p
dvdrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
α3 − 1
2
β2
q þ 2rdvdz0
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1h2
p þ ðα
3 − 1
2
β2Þdz02
27ðh1h2Þ3=2
þ 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1h2
p 1
4
ðdψ 00 þ 2 cos θdϕÞ2 þ dΩ22

þ
ﬃﬃﬃﬃﬃ
h2
h1
s
dzidzi: ð27Þ
The first line is the near-horizon geometry of the extremal
BTZ black hole and the second and third lines are the
metric on Lð2; 1Þ × T4.
In string theory, the number of D1 branes, D5 branes and
units of momentum are
N1 ¼
4L4Q2
πgsl6s
; N5 ¼
4Q1
πgsl2s
; NP ¼
4L4R2zQ3
πg2sl8s
;
ð28Þ
and the D1 and D5 quantized dipoles are
n1 ¼
L4Rzq1
gsl6s
; n5 ¼
Rzq2
gsl2s
; ð29Þ
where gs and ls are the string coupling and length.
Quantization of n1, n5 follows from (26) and by applying
a U-duality transformation which permutes ðn1; n5; nKKÞ.
To compute the entropy of our black D1-D5-P system we
need the area of the spatial geometry of the horizon in
the Einstein frame, SBH ¼ A10=ð4G10Þ, where 16πG10 ¼
ð2πÞ7l8sg2s . We may write this purely in terms of the brane
numbers (28) and dipoles (29):
SBH ¼ 2π½2ðN1 − 2n1nKKÞðN5 − 2n5nKKÞðNP − 2n1n5Þ
− ðJψ þ Jϕ − 4n1n5nKKÞ21=2: ð30Þ
Furthermore, (20) becomes
Jψ − Jϕ ¼ n1N5 þ n5N1 þ nKKNP − 4n1n5nKK; ð31Þ
resulting in a constraint on the quantum numbers.
B. Decoupling limit
Now consider the decoupling limit of our D1-D5-P
solution. This is defined by α0 ¼ l2s → 0 with gs and N1,
N5, NP, n1, n5, nKK all held fixed, such that the energy of
the excitations (in string units) near the “core” r=l4s , a=l4s
remain finite. This decouples the bulk geometry from the
asymptotically flat region. Further, we keep Rz fixed so that
only the momentum modes are the lowest surviving
excitations. On the other hand, we scale the T4 so zi=ls,
L=ls are fixed so the energies of its excitations are large.
We find that upon an appropriate rescaling of the IIB
solution, the decoupling limit is identical to our original
solution except λ1 ¼ λ2 ¼ 0.
The decoupling limit inherits all the properties of our
original solution and only differs in the asymptotic region
r → ∞. Setting r ¼ ρ2=4, then as ρ → ∞
ds2DL ∼

Q1Q2
π2

−1
2 ρ2
4
ð−dt2 þ dz2∞Þ
þ

Q1Q2
π2
1
2 4dρ2
ρ2
þ
ﬃﬃﬃﬃﬃﬃ
Q2
Q1
s
dzidzi
þ

Q1Q2
π2
1
2½ðdψ þ cos θdϕÞ2 þ dΩ22; ð32Þ
where z∞ ¼ zþ t − nKKRzψ . This is asymptotically global
AdS3 × S3 × T4 with the radii of AdS3 and S3 both equal to
~l2 ¼ 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q1Q2=π2
p
. By the AdS=CFT duality we thus
expect an equivalent description in terms of a 2d CFT
with a Brown-Henneaux central charge c ¼ 3l=2G3 [19],
where l is the AdS3 radius and G3 is the effective 3d
Newton constant obtained by a KK reduction on S3 × T4,
all computed in the Einstein frame (using the asymptotics
of the dilaton e2Φ ∼Q2=Q1). In terms of the brane numbers
the central charge is c ¼ 6N1N5, as of course is expected
for the D1-D5 CFT.
It is important to note that the decoupling limit is not a
product space with a locally AdS3 factor. It is a nontrivial
interpolation between an asymptotically global AdS3 ×
S3 × T4 and a near-horizon geometry that is a twisted near-
horizon extremal BTZ × Lð2; 1Þ × T4 given by (27).
Therefore, in order to apply AdS3=CFT one would have
to account for the tower of KK states on S3 that arise from
dimensional reduction to 3d [20]. Nevertheless, due to the
locally AdS3 factor in the near-horizon geometry of our
D1-D5-P solution, its entropy can be accounted for by
Cardy’s formula for the degeneracy of states in the IR CFT
[3] (see also [21]). In the near-horizon geometry (27)
the AdS3 and Lð2; 1Þ radii are both ~l2 ¼ 24
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1h2
p
.
Dimensional reduction on Lð2; 1Þ × T4 (in the Einstein
frame) leads to 3d Einstein gravity with a Brown-Henneaux
central charge
c ¼ 12ðN1 − 2n1nKKÞðN5 − 2n5nKKÞ ð33Þ
for the IR CFT.
C. Spectral flow to a black ring
The asymptotically flat supersymmetric black ring can
also be expressed as a two-centered Gibbons-Hawking
solution with harmonic functions [7]
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~H ¼ 1
r1
; ~Ki ¼ ~q
i
r
;
~Li ¼ λi þ
~li
r
; ~M ¼ 3λi ~q
i
4

1 −
a
r

; ð34Þ
where we have shifted the horizon to the origin of R3.
Sufficient conditions for regularity of the black ring are the
dipoles ~qi > 0, ~li > 0 and positivity of the horizon area
[which also eliminates closed timelike curves (CTCs)] [6].
It can also be uplifted to a D1-D5-P solution (23). Similarly
to the black lens, its decoupling limit given by λi ¼ ð1=3Þδ3i
is a nontrivial interpolation between a global AdS3 × S3 ×
T4 and a twisted near-horizon extremal BTZ × Lð ~nKK; 1Þ ×
T4 where ~q3 ¼ ~nKKRz.
In fact, as we now show, the decoupling limit of the
nKK ¼ 1 black lens is related to a black ring by spectral
flow and certain gauge transformations. In 10d these
transformations are diffeomorphisms generated by [22]
Sγ∶ ψ↦ ~ψ ¼ ψ þ γ
z
Rz
; ð35Þ
Gg∶ z↦~z ¼ zþ gRzψ ; ð36Þ
where γ ∈ 2Z and g ∈ 1
2
Z are required for the trans-
formation to be globally defined. These generate an
SLð2;ZÞ symmetry acting on the torus with coordinates
ðψ ; zÞ. Being diffeomorphisms such transformations must
preserve the horizon topology and hence the black ring
must have ~nKK ¼ 2.
Explicitly, in terms of the harmonic functions
Sγ∶ H → H −
γ
2Rz
K3; Ki → Ki þ 6γ
Rz
jϵij3jLj;
Li → Li −
2
3
γ
Rz
Mδ3i ; M → M; ð37Þ
Gg∶ H → H; Ki → Ki − 2gRzδi3H;
Li → Li þ
1
6
gRzjϵij3jKj; M → M −
3
2
gRzL3:
ð38Þ
It can be shown that the most general SLð2;ZÞ trans-
formation generated by Sγ and Gg, which maps the
decoupling limit of the black lens (2) to that of the black
ring (34), is G−1S2G−1, where k3 ¼ −2Rz and ~q3 ¼ −k3
(we fix ~q3 > 0). The KK dipole quantization condition
(26) thus gives nKK ¼ 1. Writing this in terms of the black
ring KK dipole charge we find ~nKK ¼ 2 as expected. The
rest of the parameters are related by ~q1 ¼ −24h1=k3,
~q2 ¼ −24h2=k3 and ~li ¼ −li − 2aλi.
To fully check the map one also has to examine the
constraints on the parameters from global regularity and
causality. The inequalities (4) and (6) are equivalent to
~li þ aλi > 0, ~q1 > 0, ~q2 > 0 and
~l3 < −2aλ3 þ
24
ð ~q3Þ2

~l2 þ
1
24
~q1 ~q3

~l1 þ
1
24
~q2 ~q3

;
whereas (8) is equivalent to the condition for the absence of
CTCs in the black ring spacetime. Thus the regularity and
causality constraints for the black lens are consistent with
those for the black ring; in fact, apart from the bound on ~l3
they agree precisely.
The quantized charges of the black ring and black lens
are related by
~N1 ¼ N1; ~N5 ¼ N5;
~NP ¼ −NP þ 4n1n5 þ ðN1 − 2n1ÞðN5 − 2n5Þ − 2Jϕ;
~n1 ¼ N1 − 2n1; ~n5 ¼ N5 − 2n5;
~J2 ¼ −ðJψ þ JϕÞ þ N1N5; ~J1 ¼ ~J2 þ 2Jϕ; ð39Þ
where ~J1 and ~J2 are the angular momenta along the S1 and
S2 of the ring, respectively [6]. Using (39) and (31), it is
straightforward to check that the entropy of the nKK ¼ 1
black lens (30) maps to that of the ~nKK ¼ 2 black ring (this
is of course guaranteed by the map being a diffeomor-
phism). Also, the IR CFT central charge (33) maps to that
of the black ring c ¼ 6~n1 ~n5 ~nKK [3].
The above shows that we may appeal to the microscopic
counting of black ring entropy [8,9] to supply an account of
the entropy for the nKK ¼ 1 subset of black lenses. The
microstates of this black lens will be related by the above
spectral flow to those of the ~nKK ¼ 2 black ring. We
emphasize though that the above also shows that the
jnKKj ≠ 1 black lenses are not related to a black ring by
spectral flow. Thus a microscopic description of the general
case remains an open problem. It would be interesting to
derive the entropy of this system directly in terms of the
D1-D5 CFT.
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APPENDIX: BLACK LENSES IN Uð1ÞN
SUPERGRAVITY
1. Supersymmetric solutions
The bosonic sector of five-dimensional N ¼ 1 super-
gravity coupled to N − 1 Abelian vector multiplets consists
of a metric gμν, N Abelian vectors AI and N real positive
scalars fields XI subject to the constraint
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16
CIJKXIXJXK ¼ 1; ðA1Þ
where CIJK ¼ CðIJKÞ are real positive constants and the
indices I; J; K;… ¼ 1…N. We also define
XI ¼
1
6
CIJKXJXK: ðA2Þ
The bosonic action is
S ¼ 1
16πG5
Z 
R⋆1 − GIJdXI∧⋆dXJ
− GIJFI∧⋆FJ − 1
6
CIJKFI∧FJ∧AK

; ðA3Þ
where FI ¼ dAI are Maxwell fields and
GIJ ≡ 9
2
XIXJ −
1
2
CIJKXK: ðA4Þ
We will assume the scalars parameterize a symmetric space
so that
CIJKCJðLMCPQÞK ¼
4
3
δIðLCMPQÞ: ðA5Þ
This ensures that GIJ is invertible with inverse
GIJ ¼ 2XIXJ − 6CIJKXK ðA6Þ
and
XI ¼ 9
2
CIJKXJXK; ðA7Þ
where CIJK ¼ CIJK .
In particular, we will be interested in Uð1Þ3 supergravity
which is the special case of this theory when N ¼ 3 and
CIJK ¼ 1 if (IJK) is a permutation of (123) and CIJK ¼ 0
otherwise. Also note that minimal supergravity can be
recovered by simply setting N ¼ 1, XI ¼ ﬃﬃﬃ3p and C111 ¼
2=
ﬃﬃﬃ
3
p
(note then XI ¼ 1=
ﬃﬃﬃ
3
p
).
A large class of supersymmetric solutions (timelike
class) can be written in the canonical form
ds2 ¼ −f2ðdtþ ωÞ2 þ f−1ds2ðM4Þ; ðA8Þ
whereM4 is any hyperkähler space, f, ω are a function and
1-form, respectively, on M4 and V ¼ ∂=∂t is the super-
symmetric Killing field. We will take M4 to be a Gibbons-
Hawking space
ds2ðM4Þ ¼ H−1ðdψ þ χÞ2 þHdxidxi; ðA9Þ
where χ and H are a 1-form and function, respectively,
defined on R3 obeying ⋆3dχ ¼ dH. The general local
supersymmetric solution with this base is fully determined
in terms of 2N þ 2 harmonic functionsH,KI , LI ,M onR3,
as follows [7].
The 1-form ω may be decomposed as ω ¼ ωψðdψþ
χÞ þ ωˆ, where ωˆ is a 1-form on R3. It is given by
ωψ ¼ −
1
48
H−2CIPQKIKPKQ −
3
4
H−1LIKI þM ðA10Þ
and
⋆3dωˆ ¼ HdM −MdH þ 34 ðLIdK
I − KIdLIÞ: ðA11Þ
The scalars are given by
HI ≡ f−1XI ¼ 1
24
H−1CIPQKPKQ þ LI; ðA12Þ
which using the constraint (A1) implies that
f−3 ¼ 9
2
CIJKHIHJHK; ðA13Þ
so the function f is also determined. Finally, the gauge
fields are
AI ¼ XIfðdtþ ωÞ þ 1
2
ðH−1KIðdψ þ χÞ þ ξIÞ; ðA14Þ
where ⋆3dξI ¼ −dKI.
Now consider the two-centered solution given by
H ¼ 2
r
−
1
r1
; KI ¼ k
I
r
;
LI ¼ λI þ
lI
r
þ l1I
r1
; M ¼ mþm0
r
þm1
r1
; ðA15Þ
where r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ a2 − 2ra cos θ
p
is the Euclidean distance
from a center in R3 with Cartesian coordinates ð0; 0; aÞ and
we assume a > 0. Integrating gives
χ ¼

2cosθ−
rcosθ−a
r1

dϕ; ξI ¼−kI cosθdϕ;
ωˆ¼

−

2m−
3
4
λIkI

cosθþmðrcosθ−aÞ
r1
þðr−acosθÞðm0þ 2m1−
3
4
l1IkIÞ
ar1
þ c

dϕ; ðA16Þ
where the freedom in ωˆ, χ and ξI has been fixed by shifts in
t, ψ and gauge transformations in AI, respectively.
The spacetime is asymptotically flat R1;4 provided we
make the identifications ψ ∼ ψ þ 4π, ϕ ∼ ϕþ 2π and θ ∈
½0; π and we choose the constants such that
9
2
CIJMλIλJλM ¼ 1; ðA17Þ
m ¼ 3
4
λIkI; c ¼
3l1IkI − 4m0 − 8m1
4a
: ðA18Þ
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Indeed, setting r ¼ 1
4
ρ2 these choices ensure that as ρ → ∞
f ¼ 1þOðρ−2Þ; ωψ ¼ Oðρ−2Þ; ωϕ ¼ Oðρ−2Þ;
ðA19Þ
and hence asymptotically the spacetime is given by (3).
Further from (A12) it is easy to verify that asymptotically
XI ¼ λI þOðρ−2Þ and so we deduce
λI > 0: ðA20Þ
The gauge fields are asymptotically pure gauge
AI ∼ λIdtþ 1
2
kIdψ ; ðA21Þ
where λI ¼ 9
2
CIJKλJλK and subleading terms Oðρ−2Þ.
2. Regularity analysis
We now perform a careful regularity analysis of the
solutions constructed above. Although the solution appears
singular at the centers r1 ¼ 0 and r ¼ 0 we will show that
by a suitable choice of constants r1 ¼ 0 corresponds to a
smooth timelike point in the spacetime whereas r ¼ 0
corresponds to a regular event horizon. Furthermore, we
will confirm that the solution is regular everywhere else in
the DOC r > 0 including the ergosurface where f vanishes.
a. Smooth center
Here we consider smoothness near the center r1 ¼ 0. It is
convenient to introduce spherical polar coordinates ðr1; θ1Þ
on R3 adapted to the center ð0; 0; aÞ, where r1 is as above,
r1 cos θ1 ¼ z − a and ϕ1 ¼ −ϕ. Let ρ1 ¼ 2 ﬃﬃﬃﬃr1p and
ψ1 ¼ ψ − 2ϕ1. One finds that
ds2ðM4Þ ¼F1

dρ21þ
1
4
ρ21½dθ21þ sin2θ1dϕ21
þF−21 ðdψ1þ cosθ1dϕ1þG1dϕ1Þ2

; ðA22Þ
where we have defined
F1 ¼
1
4
ρ21H; G1 ¼ 2 − χϕ − cos θ: ðA23Þ
It is readily verified that our solution obeys F1 ¼ −1þ
Oðρ21Þ and G1 ¼ Oðρ41Þ as ρ1 → 0 so that
ds2ðM4Þ ∼ −

dρ21 þ
1
4
ρ21½dθ21 þ sin2θ1dϕ21
þ ðdψ1 þ cos θ1dϕ1Þ2

; ðA24Þ
which shows that the Gibbons-Hawking space approaches
the origin of −R4, provided we choose the periods of the
angles as required by asymptotic flatness.
To investigate smoothness at the center it is convenient to
use plane polar coordinates ðX;ΦÞ and ðY;ΨÞ on orthogo-
nal 2-planes of R4. These are given by
X ¼ ρ1 cos

1
2
θ1

; Φ ¼ 1
2
ðψ1 þ ϕ1Þ; ðA25Þ
Y ¼ ρ1 sin

1
2
θ1

; Ψ ¼ 1
2
ðψ1 − ϕ1Þ; ðA26Þ
so that
ds2ðR4Þ ¼ dX2 þ X2dΦ2 þ dY2 þ Y2dΨ2: ðA27Þ
Any Uð1Þ2-invariant smooth function on R4 must be a
smooth function of X2, Y2. We find
F1 ¼ −1þ…; G1 ¼ 8X2Y2ð1þ…Þ; ðA28Þ
where    are analytic functions of X2, Y2 which vanish at
X ¼ Y ¼ 0. Using this we deduce
ds2ðM4Þ ¼ ds2ðR4Þ þOðX4ÞdΦ2 þOð1ÞX2Y2dΦdΨ
þOðY4ÞdΨ2; ðA29Þ
with higher-order terms all analytic in X2, Y2. This shows
the Gibbons-Hawking base metric is smooth (in fact
analytic) at the center r1 ¼ 0.
Next, we demand that the center r1 ¼ 0 be timelike.
Since the invariant V2 ¼ −f2 this requires that f is smooth
and nonvanishing at r1 ¼ 0. In fact, in order to get the
spacetime metric signature correct we need fjr1¼0 < 0. We
will also demand that the scalars XI are smooth positive
functions. Thus the functions HI ¼ f−1XI must be smooth
and negative at the center. Using the explicit form of our
two-centered solutions we find that these conditions require
l1I ¼ 0; ðA30Þ
lI þ aλI < 0: ðA31Þ
With these conditions f and XI are in fact analytic
functions in X2, Y2 at the center.
Next, consider the invariant
j∂ψ j2 ¼ 1fH − f
2ω2ψ : ðA32Þ
The absence of CTCs requires j∂ψ j2 ≥ 0. But at the center
j∂ψ j2jr1¼0 ¼ −f2ω2ψ and therefore we deduce that
j∂ψ jr1¼0 ¼ 0 and ωψ jr1¼0 ¼ 0. Therefore, the Killing field
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∂ψ has a fixed point in the spacetime. Furthermore, the
invariant V · ∂ψ ¼ −f2ωψ shows that ωψ must be a smooth
function on spacetime at and near the center. Thus, putting
things together we deduce that ωψ is a smooth spacetime
function which vanishes at the center r1 ¼ 0. The general
form of ωψ for our two-centered solution has a 1=r1
singular term as r1 → 0. The condition for its absence is
m1 ¼ 0; ðA33Þ
where we have used (A30). Furthermore, the condition
ωψ jr1¼0 ¼ 0 reduces to
m0 ¼ −
3
4
aλIkI: ðA34Þ
It can now be verified that these conditions imply that
ω ¼ OðX2ÞdΦþOðY2ÞdΨ ðA35Þ
with higher-order terms analytic in X2, Y2. Hence the
1-form ω is analytic at the center. Putting the above
together, we have shown that the above conditions on
the constants ensure the spacetime metric is smooth (in fact
analytic) at the center.
We now turn to the gauge fields (A14). The above
analysis already shows that XIfðdtþ ωÞ is smooth at the
center. Using the above conditions on the constants, one
can verify that near the center,
AI ¼ XIfdtþ 1
2
½kI þOðX2ÞdΦ − 1
2
½kI þOðY2ÞdΨ
ðA36Þ
with higher-order terms analytic in X2, Y2. This shows that
the Maxwell fields are smooth at the center. Furthermore,
there is a gauge choice in which the gauge field is a smooth
at the center.
To summarize, we have shown that the spacetime metric,
Maxwell fields and scalars are all smooth at the center
r1 ¼ 0 if the constants are chosen as above.
b. Event horizon
Now we consider the center r ¼ 0. We will show that in
fact it corresponds to a regular event horizon provided
hI > 0; α3 −
1
2
β2 > 0; ðA37Þ
where the constants hI, α, β are defined by
hI ≡ lI þ 1
48
CIJKkJkK; ðA38Þ
α≡

9
2
CIJKhIhJhK
1
3
; ðA39Þ
β≡ 3
4
kI

lI þ 2aλI þ
1
72
CIJKkJkK

: ðA40Þ
Observe that hI > 0 implies α > 0.
To this end, we transform to new coordinates
ðv; r;ψ 0; θ;ϕÞ given by (9) for some constants A0, A1,
B0 to be determined. This gives
gvv ¼ −f2 ¼ −
r2
α2
þOðr3Þ;
gvψ 0 ¼ −f2ωψ ¼
β
2α2
rþOðr2Þ;
gψψ 0 ¼ −f2ω2ψ þ ðHfÞ−1 ¼
α3 − 1
2
β2
2α2
þOðrÞ: ðA41Þ
In general, grr contains 1=r2 and 1=r singular terms,
whereas grψ 0 contains 1=r singular terms. Requiring that
the 1=r singularity in grψ 0 and the 1=r2 singularity in grr are
absent fixes the constants
B0 ¼ −
βA0
α3 − 1
2
β2
; A20 ¼ 2

α3 −
1
2
β2

: ðA42Þ
Furthermore, demanding that the 1=r singularity is grr is
absent fixes A1 to be a complicated constant (we do not
display it as we will not need it). We now have
grψ 0 ¼ Oð1Þ; grr ¼ Oð1Þ;
gvr ¼ −
A0α
α3 − 1
2
β2
þOðrÞ ¼ 
ﬃﬃﬃ
2
p
αﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
α3 − 1
2
β2
q þOðrÞ;
ðA43Þ
where A0 > 0 corresponds to the lower sign and A0 < 0 to
the upper sign. Finally, to assemble the full metric we will
also need ωˆ ¼ OðrÞ and
χ ¼ ð1þ 2 cos θ þOðr2ÞÞdϕ;
gΩΩ ¼ 2αþOðrÞ: ðA44Þ
The metric and its inverse are now analytic at r ¼ 0 and
therefore the spacetime can be extended to the region
r < 0. The supersymmetric Killing field V ¼ ∂=∂v is null
on the hypersurface surface r ¼ 0 and
Vμdxμjr¼0 ¼ 
ﬃﬃﬃ
2
p
αﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
α3 − 1
2
β2
q ðdrÞjr¼0; ðA45Þ
which shows that r ¼ 0 is a Killing horizon of V. It is easily
seen to be a degenerate horizon. The upper sign corre-
sponds to the future horizon and the lower sign to the past
horizon.
The matter fields are also analytic at the horizon. The
scalars are
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XI ¼ h
I
α2
þOðrÞ; ðA46Þ
where we have defined hI ¼ 9
2
CIJKhJhK. The gauge fields
in the new coordinates are (for any value of A0, A1, B0)
AI ¼

hI
α3
þOðrÞ

rdvþ 1
4
kIdψ 0 þOðr2Þdϕ
þ

hI
α3

A0 −
βB0
2

þ 1
4
B0kI þOðrÞ

dr
r
−

hIβ
2α3
þOðrÞ

ðdψ 0 þ 2 cos θdϕÞ; ðA47Þ
which shows the only singular terms are pure gauge. Hence
the Maxwell fields are analytic at the horizon.
The near-horizon geometry may be extracted by taking
the scaling limit ðv; rÞ → ðv=ϵ; ϵrÞ and ϵ → 0. The result is
ds2NH ¼ −
r2
α2
dv2  2
ﬃﬃﬃ
2
p
αﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
α3 − 1
2
β2
q dvdr
þ β
α2
rdvðdψ 0 þ 2 cos θdϕÞ þ ds23;
FINH ¼
hI
α3
d

rdv −
β
2
ðdψ 0 þ 2 cos θdϕÞ

;
XINH ¼
hI
α2
; ðA48Þ
where ds23 is the metric on spatial cross sections of the
horizon (11). This is locally isometric to the BMPV near-
horizon geometry. However, the period of ψ 0 has been fixed
to be 4π by asymptotic flatness and regularity at the smooth
center. Therefore, cross sections of the horizon r ¼ 0; v ¼
const are lens spaces Lð2; 1Þ.
c. Domain of outer communication
Now we will examine regularity of the solution in the
DOC r > 0. It is convenient to define
~HI ≡HHI ¼ HLI þ 1
24
CIJKKJKK: ðA49Þ
Explicitly, we can write
~HI ¼
PI
r2r1
; where
PI ¼ 2r1hI þ λIr½2r1 − ðr − aÞ − rðlI þ aλIÞ: ðA50Þ
The inequalities (A37) and (A31) and the geometric
condition 2r1 ≥ r − a thus imply
PI > 0 ðA51Þ
everywhere in the DOC (including r1 ¼ 0).
We may write the invariant
f ¼ H½9
2
CIJK ~HI ~HJ ~HK1=3
: ðA52Þ
Using (A51) we deduce that f is smooth everywhere in the
DOC, and therefore the zeros of f coincide with those ofH.
We can write the scalars as
XI ¼
~HI
½9
2
CIJK ~HI ~HJ ~HK1=3
; ðA53Þ
which shows that XI is a smooth positive function every-
where in the DOC.
The metric and inverse metric can be written as
gtt ¼ −f2;
gtψ ¼ −f2ωψ ¼
1
48
CIPQKIKPKQ þ 34HLIKI −H2M
½9
2
CIJK ~HI ~HJ ~HK2=3
; gti ¼ −f2ωˆi þ gtψχi;
gψψ ¼ f−1H−1 − f2ω2ψ
¼
9
16
CIJMCIPQKPKQLJLM þ 92HCIJKLILJLK −M2H2 − 916 ðLIKIÞ2 − 124MCIJKKIKJKK − 32HMLIKI
½9
2
CIJK ~HI ~HJ ~HK2=3
;
gψi ¼ gψψχi þ gtψ ωˆi; gij ¼ f−1Hδij þ gψψχiχj − f2ωˆiωˆj þ 2gtψχðiωˆjÞ;
gtt ¼ −Hf−1gψψ þ fH−1ωˆ2; gtψ ¼ Hf−1gtψ þ fH−1ωˆiχi; gti ¼ −fH−1ωˆi;
gψi ¼ −fH−1χi; gψψ ¼ fH þ fH−1χiχi; gij ¼ fH−1δij; det gμν ¼ −H2f−2; ðA54Þ
where we used (A13) and (A5) to simplify gψψ. By
inspection it is clear that χi and ωˆi are smooth in the
DOC everywhere except at r1 ¼ 0. Therefore, remarkably,
(A51) also ensures that all metric and inverse metric
components are smooth everywhere except possibly
r1 ¼ 0. Above we showed the spacetime is in fact smooth
at r1 ¼ 0 and hence we deduce that the metric and inverse
metric are smooth everywhere in the DOC.
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Finally, the gauge field components are
AIt ¼
CIJK ~HJ ~HKH
CPQR ~HP ~HQ ~HR
; AIi ¼ AIψχi þ
1
2
ξIi ;
AIψ ¼
1
½9
2
CLMN ~HL ~HM ~HN 

9
2
CIJK ~HJ ~HK

HM −
3
4
LIKI

þ 9
32
HKICKJMCKPQLJLMKPKQ
þ 1
128
ð2KILJKJ − CIJKCKMNLJKMKN − 12HCIJKLJLKÞCPQRKPKQKR þ
9
4
H2KICPQRLPLQLR

: ðA55Þ
Therefore (A51) also guarantees the gauge field is
smooth everywhere in the DOC except at r1 ¼ 0. Above
we showed that at r1 ¼ 0 the only singular terms are pure
gauge and hence we deduce the Maxwell fields are smooth
in the DOC.
We also require our spacetime to be stably causal in the
DOC gtt < 0. We have verified this numerically in the case
ofUð1Þ3 supergravity and find that no further conditions on
the parameters need to be imposed.
The geometry and topology of the DOC is discussed in
Sec. II B.
3. Physical quantities
We have constructed an asymptotically flat solution
which is regular everywhere on and outside an event
horizon of spatial topology Lð2; 1Þ. Our solution is para-
meterized by the constants ðλI;lI; kI; aÞ subject to the
constraint (A17), resulting in a 3N parameter family of
solutions. Furthermore, these parameters obey the inequal-
ities a > 0, (A31) and (A37).
The electric charges associated to the Maxwell fields FI
are defined by
QI ¼
1
8π
Z
S3∞
GIJ⋆FJ: ðA56Þ
We find
QI ¼ 3π

lI þ
1
24
CIJKkJkK

; ðA57Þ
where we have used the symmetric space condition (A5) to
simplify the expression. The mass saturates the BPS bound
M ¼ λIQI. The angular momenta are
Jϕ ¼ −
3πaλIkI
2
; ðA58Þ
Jψ ¼ −π

3
2
ðlI þ aλIÞkI þ
CIJK
24
kIkJkK

: ðA59Þ
It should be noted that Jψ , Jϕ are the angular momenta with
respect to the Euler angles of the S3 at infinity. The angular
momenta with respect to the orthogonal Uð1Þ2 angles at
infinity, ϕ1 ¼ ðψ þ ϕÞ=2 and ϕ2 ¼ ðψ − ϕÞ=2, are
obtained by J1 ¼ Jψ þ Jϕ and J2 ¼ Jψ − Jϕ.
The asymptotic expansions of the gauge fields in terms
of the orthogonal Uð1Þ2 angles at infinity are
AIϕ1 ∼
1
2
kI þ 4cos
2ðθ
2
Þ
ρ2

λIJ1
π
þ kIa

; ðA60Þ
AIϕ2 ∼
1
2
kI þ 4sin
2ðθ
2
Þ
ρ2

λIJ2
π
− kIa

: ðA61Þ
Thus the kI generate a magnetic dipole field at infinity. As
discussed above (19), the dipole charges may be defined by
qI ¼ 1
2
ΦIjD ¼ −
kI
2
; ðA62Þ
where D is the disk topology surface in the DOC discussed
in Sec. II B and the potentials ΦIjD are defined by
dΦI ¼ ivDFI , where vD ¼ ∂ϕ − 3∂ψ vanishes on D and
the requirement that ΦI → 0 at infinity. The magnetic flux
through D is
ΠI½D ¼ 1
2π
Z
D
FI ¼ − 1
2
kI þ h
Iβ
α3
: ðA63Þ
The conserved charges and dipole charges satisfy the
constraint
Jψ − Jϕ ¼ qIQI −
π
6
CIJKqIqJqK: ðA64Þ
The area of cross sections of the horizon is
A5 ¼ 16π2

1
3
CIJK

QI
π
−
1
4
CIPP0qPqP
0

QJ
π
−
1
4
CJQQ0qQqQ
0

QK
π
−
1
4
CKRR0qRqR
0

−

1
2π
ðJϕ þ JψÞ −
1
12
CIJKqIqJqK

2
1
2
: ðA65Þ
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